Abstract. Hofer proved in [Hof] the Weinstein conjecture for a closed contact 3-manifold with an overtwisted disk. In this article we extend it to the virtual contact structure and provide a new explicit example of the virtual contact structure with an overtwisted disk via a Lutz twist.
Introduction
A virtual contact structure which naturally appear in the study of magnetic flows is a generalization of a contact structure. Dynamical properties of a virtual contact structure including stability, displaceability, periodic orbits, and leaf-wise intersections are studied in the literatures [Pat, Me1, CFP, Me2, BF, Ba1] , when the virtual contact structure arises as an energy hypersurface of a twisted cotangent bundle. In this article we focus on the topological aspect of a virtual contact structure. Definition 1.1. A Hamiltonian structure on an oriented (2n + 1)-dimensional manifold M is a closed 2-form ω of maximal rank, i.e. ω n vanishes nowhere. So
gives an 1-dimensional foliation on M . By using the orientation on M , we orient ker ω and choose a non-vanishing vector field X ω on M such that RX ω = ker ω. Definition 1.2. A Hamiltonian structure (M, ω) is called virtual contact if there exists a covering p : M → M and a primitive λ ∈ Ω 1 ( M ) of p * ω satisfying the following conditions:
λ(x)( X(x)) ≥ > 0 (1.1) for some C, ∈ R. Here X is the lift of X and · C 0 -norm is given by the lifted metric m := p * m on M where m is a Riemannian metric on M . A virtual contact structure (p : M → M, ω, λ) on a smooth manifold M is called smooth if all higher covariant derivatives ∇ l Y λ are exist and uniformly bounded. Here Y is l-pairs of G-invariant smooth vector fields and ∇ is a G-invariant connection on M , where G is the deck-transformation group of the covering p : M → M .
One of the main question in contact geometry is (the intrinsic version of) the Weinstein conjecture [Wei] which says that every closed contact manifold (Q, ζ) has a closed orbit for any Reeb vector field. Indeed, we need a contact 1-form α for ζ, i.e. ker α = ζ, to define the Reeb vector field X α which satisfies dα(X α , − ) = 0, α(X α ) = 1.
We also have a Hamiltonian structure (Q, dα) and the vector field X dα in Definition 1.1 turns out to be a rescaling of X α . The Weinstein conjecture was first proved by Hofer in [Hof] for a closed contact 3-manifold M with an overtwisted disk or with π 2 (M ) = 0 or M = S 3 . Later, Taubes [Tau] proved the conjecture for any closed contact 3-manifold, see also [Hut] . There are several extensions of the conjecture including the strong Weinstein conjecture in [ACH, GZ] and the Weinstein conjecture for the stable Hamiltonian structure in [HT] . The following question is raised by G. Paternain as another generalization of the Weinstein conjecture in the virtual contact structure. Question 1.3. Let (p : M → M, ω, λ) be a virtual contact structure on a closed manifold M . Does X ω admit a periodic orbit?
There is a fundamental dichotomy of contact topology on 3-manifolds, tight and overtwisted. In order to state the result we need to extend these concepts to 3-dimensional virtual contact structures.
Definition 1.4. An embedded disk F in a contact 3-manifold (Q, ζ) is an overtwisted disk if T ∂F ⊂ ζ| ∂F and T F ∩ ζ| F defines a smooth 1-dimensional characteristic foliation on F except a unique elliptic singular point e ∈ intF with T e F = ζ e . A virtual contact structure (p : M → M, ω, λ) is called overtwisted if ( M , ker λ) contains an overtwisted disk.
Let us briefly mention Hofer's argument of deriving a contractible periodic orbit from an overtwisted disk. By the filling method he constructed a family of pseudoholomorphic disks, a Bishop family, in the symplectization of a closed contact 3-manifold. The overtwisted disk guarantees a gradient exploding sequence in the Bishop family and by the rescaling argument we obtain a finite energy plane. The failure of the finite energy plane to be a sphere produce a periodic orbit as we desired. By extending the above argument we obtain the following result:
Main Theorem. Let (p : M → M, ω, λ) be a virtual contact structure on a closed 3-manifold M . If (p : M → M, ω, λ) is smooth and overtwisted then X ω has a contractible periodic orbit.
Hofer's argument was initiated from the Eliashberg's filling technique in [Eli] which induces an obstruction to symplectic fillings. A similar question about symplectic filling is possible in the virtual contact structure. We can also expect a higher dimensional generalization of the main theorem as achieved in [AlH, NR] .
Now define a corresponding Riemannian metric on
(2.4) Remark 2.1. Suppose that the deck transformation group G is finite, then by averaging λ we obtain a 1-form
Since λ is G-invariant, it descends to a 1-form λ ∈ Ω 1 (M ) such that λ = p * λ and dλ = ω. So λ becomes a contact 1-form on M and hence the dynamics of a contact manifold (M, λ) determines the dynamics of the virtual contact structure (p : M → M, ω, λ).
From now on we mainly consider the case that |G| is infinite 1 , i.e. M is noncompact, and λ is not G-invariant. In such a case, G does not preserve X λ , ξ and hence J, J, m λ are not preserved by the G-action, while ω and RX λ = ker ω are G-invariant. By virtue of the relation (2.2), J and J behave well under the G-action even though they are not G-invariant, see (4.12) in the proof of Lemma 4.5. If we require only the almost complex structure J on ξ to be dλ-compatible instead of (2.2), then we cannot control the limit behavior of J and J on the unbounded region of M .
A Bishop family from an overtwisted disk
In this section we introduce a Bishop family in the virtual contact structure and recall its known properties from [Hof, AH, HWZ] . In this section we provide a gradient exploding sequence of pseudoholomorphic disks from an overtwisted disk. All constructions, theorems, and lemmas in this section are direct consequences of the ones in the above references, so we omit the proof here.
Let (p : M → M, ω, λ) be a virtual contact structure on a smooth 3-manifold M and F ⊂ M be an overtwisted disk with the elliptic singular point e ∈ intF . We consider a family of pseudoholomorphic disks u τ = (a τ , u τ ) :
satisfying the following conditions:
(5) u τ is an embedding for τ ∈ (0, τ 0 ) and u τ (∂D) winds once around e. Such a family of pseudo-holomorphic disks B exists and we call B a Bishop family. We state the implicit function theorem near an embedded pseudoholomorphic disk as follows:
Theorem 3.1 ( [Hof] ). Let (p : M → M, ω, λ) be a 3-dimensional virtual contact structure with an overtwisted disk F ⊂ M . Moreover, let u 0 be a pseudohomolophic disk in (R × M , J) satisfying the condition (2), (5) of the Bishop family. Then there exists a smooth embedding
Moreover, the associated disk family τ → u(τ )(D) is unique up to parametrization of D.
2 1 More precisely, we consider a non-amenable group which means that there is no averaging operation on bounded functions, see [CFP] for the details. 2 In the original statement, (R × M , {0} × F ) can be generalized to an almost complex manifold with a totally real submanifold. Here the condition (2) of the Bishop family guarantees the totally real boundary condition. Then the condition (5) should be replaced by the Maslov index condition, µ( u 0 ) = 2.
is also a Bishop family. In order to fix a parametrization 3 of u τ (D), let us first parametrize the leaves of the characteristic foliation, in Definition 1.4, approaching the singular point e by (l α ) α∈S 1 and require
Moreover, this normalization condition (3.2) prohibits the existence of a gradient explosion sequence on the boundary as follows:
) be a Bishop family with the normalization condition (3.2) as in the above. Then there exists > 0 such that on the annulus
Remark 3.3. Even though Theorem 3.2 is proved only for closed contact 3-manifolds, it is still valid for the non-compact case. Suppose that there is a gradient exploding sequence ( u k , z k ) such that z k converges to ∂D. Then u k (z k ) should converges to a point in F and so it cannot escape to the unbounded region of M . The non-compactness of M causes no additional difficulties in the proof of Theorem 3.2.
The following observation is crucial when we produce a gradient explosion sequence from a given normalized Bishop family.
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Lemma 3.4 ( [Hof] ). Let (p : M → M, ω, λ) be a 3-dimensional virtual contact structure with an overtwisted disk F ⊂ M . Let B be a Bishop family and take an embedded disk
By the definition of the overtwisted disk F , Definition 1.4, the boundary T ∂F is contained in the foliation T F ∩ ξ| F on F . So Lemma 3.4 informs us that u τ (∂D) cannot meet ∂F . Since our Bishop family B = ( u τ ) τ ∈[0,τ0) emanated from the singular point e ∈ intF , u τ (∂D) never touch ∂F nor escape it. In other words, e ∈ intF enables us to create B, while ∂F gives us an obstruction to extend B.
We may assume that B = ( u τ ) τ ∈[0,τ0) is a maximal Bishop family with the normalization condition without loss of generality. Suppose that ∇ u τ C 0 (D) is τ -uniformly bounded, then by the elliptic estimate of a pseudoholomorphic disk we have a τ -uniform C ∞ -bound. The uniform gradient bound guarantees that the image u τ (D) is also uniformly bounded in R × M . We then conclude by the Arzelà-Ascoli theorem for every sequence τ k → τ 0 there is a C ∞ -convergent subsequence of u τ k . By the implicit function theorem, Theorem 3.1, we extend our Bishop family further. But this contradicts the maximality of our initial Bishop family B. This proves the following result.
Theorem 3.5 ( [AH] ). Let (p : M → M, ω, λ) be a 3-dimensional virtual contact structure with an overtwisted disk F ⊂ M . Let B = ( u τ ) 0≤τ <τ0 be a normalized maximal Bishop family on R × M which emerges from F . Then we have
Existence of a finite energy plane
The gradient explosion in the previous section will guarantee the existence of a finite energy plane by the rescaling argument. The non-compactness of R and M causes analytical difficulties in 3 Since the group of biholomorphic maps on D is 3-dimensional, it suffices to fix 3 boundary points. 4 Lemma 3.4 is also essential in the proof of Theorem 3.2. By this lemma uτ | ∂D hits each leaf of the parametrized leaves (lα) α∈S 1 exactly once. the rescaling process. It is already studied that the escape phenomenon of the gradient exploding disks in R-direction. In this section we mainly discuss the analytical issue from M -direction.
For
we define an energy E( u) by
Recall that (4.1) is equivalent to
and we remark that the integrand in (4.2) is nonnegative. By a simple computation we check that
Note that the Reeb direction of du contributes to -term, while -term comes from the contact plane part. By the boundary condition of the Bishop family we have the following uniform energy bound.
Lemma 4.1 ( [Hof] ). Let F be an overtwisted disk as above and let u be a solution of (4.1) satisfying the boundary condition in the definition of the Bishop family. Then there exists a constant
Before stating the existence of a finite energy plane we introduce the following helpful lemma, so called Hofer's lemma, which will be used to find a suitable sequence in the rescaling argument.
Lemma 4.2 ( [Hof] ). Let (W, m) be a complete metric space and R : W → [0, ∞) a continuous function. Assume x 0 ∈ W and 0 > 0 are given. Then there exist x ∈ B 2 0 (x 0 ) and
Theorem 4.3. Let M be a closed 3-manifold equipped with a smooth virtual contact structure
Then there exist an almost complex structure
We pick a sequence (
If the image of the sequence (u k (z k )) k∈N is bounded in M then we are able to directly apply the Hofer's argument to guarantee the existence of a finite energy plane. However, there is no a priori reason that (u k (z k )) k∈N is contained in a bounded region. To remedy this situation we will use the compactness of M via the projection p : M → M . If we consider the sequence
has a convergent subsequence on M , we still denote u k , z k . Let us fix a fundamental domain M ⊂ M with respect to the deck-transformation on M . Now we choose a sequence of deck-transformations g k ∈ G such that each g
In order to rescale the gradient explosion, take a sequence k → 0 so that R k k → ∞. Using Lemma 4.2, by slightly changing z k and k , we may assume in addition that
Note that a sequence of domains
and we have a uniform gradient bound
Now we consider a sequence of restrictions ( v k | B 1 ) k∈N . The conditions (4.5), (4.7) imply that the image v k (B 1 ) is uniformly bounded in R × M . By applying the Arzelà-Ascoli theorem we have a subsequence, again denote v k | B 1 , and a continuous map
Recall from Remark 2.1 that the almost complex structure J on R × M is not invariant under the G-action, and hence g
be J-holomorphic. So we need to find new almost complex structures which make v k , v 1 to be pseudo-holomorphic.
First choose a compact subset
k u k becomes J k -holomorphic and so does v k . In order to understand the sequence of almost complex structures ( J k ) k∈N and their limits we consider the following sequences
because of the construction of J, (2.2) and (2.3). More precisely, we have
where x ∈ M and v ∈ T x M . Note that X k is a Reeb vector field of λ k and J k is an almost complex structure on ξ k . For convenience, we choose a smooth coframe field {ρ 1 , ρ 2 , ρ 3 } of the closed 3-manifold M .
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Then its lift { ρ 1 , ρ 2 , ρ 3 } gives an induced coframe on M . There are coefficient functions
6 Here we use Theorem 3.2. If the sequence (z k ) k∈N converges to ∂D, then ∪ k∈N B k could be an upper half plane. 7 Here we use that the tangent bundle T Q of any closed 3-manifold Q is trivial.
By the smooth condition for the virtual contact structure in Definition 1.2 and the compactness of M , all higher directional derivatives ∇ l Y c i , i = 1, 2, 3 are exist and uniformly bounded. Here Y is again l-pairs of G-invariant smooth vector fields. Note that the following simple observation
holds for x ∈ M , g k ∈ G, and i = 1, 2, 3. So all higher directional derivatives of c i • g k are also exist and uniformly bounded. Now we apply the Arzelà-Ascoli theorem to the sequence of 1-forms
in order to obtain a subsequence, still denote λ k , which converges to
Lemma 4.4. The limit 1-form λ 1 is a contact 1-form on intE 1 .
for each k ∈ N. As a limit of λ k , however, λ 1 may degenerate and could satisfy λ 1 ∧ dλ 1 ≥ 0 so it is needed to exclude the case
Since ω(x) = 0 on ker λ(x), we deduce λ 1 (x)( X(x)) = 0. From the definition of λ 1 , λ i we obtain
where the last equality comes from that X is G-invariant. But this cannot be possible because of the virtual contact condition in Definition 1.2
By this contact 1-form λ 1 we can construct the corresponding contact structure ξ 1 := ker λ 1 , the Reeb vector field X 1 for λ 1 on E 1 with the decomposition T E 1 = RX 1 ⊕ ξ 1 and the projection π 1 : T E 1 → ξ 1 . By the same construction we define the almost complex structures
Note here that the vector field X 1 is different from X λ | E 1 but both vector fields generate ker ω| E 1 .
Lemma 4.5. As in the above setting,
Proof. Let us define µ k := λ k | E 1 − λ 1 ∈ Ω 1 (E 1 ) which converges to 0 in C ∞ and recall that X k the Reeb vector field of λ k . Since dλ k | E 1 = ω| E 1 = dλ 1 , we infer RX k = ker ω = RX 1 and hence X k | E 1 is a rescaling vector field of X 1 . More precisely,
Here X 1 is a bounded smooth vector field on E 1 and hence
as symmetric bilinear forms on E 1 . We now define a metric m k on ξ k by
where J k is the almost complex structure in (4.8). For h, l ∈ T E 1 we then have
(4.12)
Here the 3rd and the last equality come from the G-invariance of ω, m respectively.
8 By combining (4.9), (4.11), (4.12) we deduce
as (1, 1)-forms on E 1 . Now we are ready to compare the almost complex structures
where (a, u) ∈ R × E 1 , (h, l) ∈ T (a,u) (R × E 1 ). By (4.10), (4.13) and (4.14) we finally conclude
Up to now, we have a sequence of triples (v k1 | B 1 , λ k1 | E 1 , J k1 | R×E 1 ) k1∈N and (v 1 , λ 1 , J 1 ) with the following convergence:
Let us recall the sequence of bounded domains B n = B Rn (−R n z n )∩B n Rn (0) from (4.6) satisfying n∈N B n = C and consider a sequence of compact subsets E n ⊂ M satisfying 8 Suppose that our metric m is not G-invariant then lim k→∞ g * k m may not be a metric anymore. Moreover, in such a case, we can not define J 1 as in (4.9).
• E n ⊂ E n+1 for all n ∈ N;
• n∈N E n = M . Now we apply the Arzelà-Ascoli theorem to the triple (v k1 , λ k1 , J k1 ) k1∈N inductively. For n ≥ 2, we pick a subsequence 9 k n of k n−1 such that there exists a continuous map v n :
By the same argument as in Lemma 4.4, 4.5 we obtain a contact form λ n ∈ Ω 1 (E n ) and an almost complex structure J n on R × E n satisfying
As a consequence of the above construction, we have
Especially note that λ n determines J n as in (4.9) and v n is J n -holomorphic for all n ∈ N. We now consider the diagonal sequence of triples (
Moreover, the limit 1-form λ ∞ defines a new virtual contact structure as follows:
Lemma 4.6. As in the above setting. Let (p : M → M, ω, λ) be a smooth virtual contact structure, then so is (p : M → M, ω, λ ∞ ).
Proof. Since λ k converges to λ ∞ in C ∞ loc , its exterior derivative dλ k also converges to dλ ∞ . This implies that λ ∞ is again a primitive of ω. By the construction of λ ∞ there is a sequence (g i ) i∈N of deck transformations which satisfies the following estimate for any x ∈ M , any l ∈ N, and l-pairs of G-invariant smooth vector fields
where
Here the 2nd, 4th, and 6th (in)equality come from the Ginvariance of ∇, m, and Y respectively and the last inequality is induced by the smooth condition 9 Here taking a subsequence is equivalent to choose an increasing and unbounded function sn : N → N satisfying
in Definition 1.2. By the similar argument as in Lemma 4.4 we have
≥ .
(4.17)
The above two estimates (4.16), (4.17) show that the virtual contact structure (p : M → M, ω, λ ∞ ) is smooth.
Therefore we have a continuous
loc -convergence by applying the elliptic bootstrapping argument, see [MS, Theorem B.4 .2]. Finally we have a smooth J ∞ -holomorphic plane
which is non-constant in view of |∇ v ∞ (0)| = 1. Now it remains to show the finiteness of the energy
loc and take the supremum over all compact set K ⊂ C then we obtain
where the constant C comes from Lemma 4.1.
From a finite energy plane to a periodic orbit
We will use the following notations for simplicity:
Lemma 4.6 says that (p : M → M, ω, α) is a smooth virtual contact structure with the decomposition T M = R X ⊕ ζ, the projection π α : T M → ζ along the Reeb direction X, and the almost complex structures I, I on ζ, R × M . Moreover, Theorem 4.3 implies that v : C → R × M is a non-constant I-holomorphic plane with finite energy. In other words, v = (b, v) is a solution of The main aim of this section is to find a periodic orbit from the above finite energy plane.
Theorem 5.1. Let (p : M → M, ω, α) be a smooth virtual contact structure and v = (b, v) : C → R × M be a solution of (5.1) satisfying
then for every sequence R k → ∞ there exists a subsequence (R k ) k ∈N such that the C ∞ -limit
exists and its projection x(t) = p • x(t) defines a non-constant closed periodic solution oḟ
where X is a non-vanishing vector field generating ker ω. C → C where β : C → R is a primitive of v * α ∈ Ω 1 (C). Now suppose that v is non-constant then so is b. Essentially, Liouville's theorem for Ψ implies that the energy E( v) is infinite. This is a contradiction. The above argument is still valid when M is non-compact and we omit the detailed proof.
Let φ : R × S 1 → C \ {0} be a holomorphic map defined by φ(s, t) = e 2π(s+it) ,
where S 1 = R/Z. For the later purpose we consider a I-holomorphic cylinder instead of a plane. So we define
where Σ is as before.
Proposition 5.4. Let v φ be a solution of (5.4), then there exists some constant l > 0 such that
Proof. Let ρ : C → R × S 1 : (s + it) → (s, e 2πit ) be a 1-periodic map in the S 1 -coordinate and let us define
So it is equivalent to show that |∇ v ρ (s, t)| is bounded. Suppose that there is a sequence z k ∈ C such that
Note that Re(z k ) → ∞ since the gradient is bounded on Re(z k ) ≤ 0. By applying Lemma 4.2 to positive real sequences (R k ) k∈N , ( k ) k∈N with
we additionally assume that
The sequence (v ρ (z k )) k∈N may escape to the unbounded region of M . So we pick a sequence of deck-transformations (f k ) k∈N in G so that
where M is a fixed fundamental domain in M with respect to G. Now we define µ k :
We also define a sequence of contact forms α k := f * k α and a sequence of almost complex structures
By the similar argument as in Theorem 4.3, there are a suitable subsequence (k ) k ∈N , a smooth map µ : C → R × M , a contact form α ∈ Ω 1 ( M ) and an almost complex structure I on R × M satisfying
Moreover, the limit contact form α determines the limit almost complex structure I as in Lemma 4.5 and µ is I -holomorphic, i.e.
∂ s µ + I ( µ )∂ t µ = 0.
From (5.6), (5.5) we deduce
With a sequence of functions ϕ k (s) := ϕ(s − b(z k )) in Σ, we estimate
Replace k with k and let k → ∞ then we deduce
We know
where ϕ 0 ≡ 1. If q := C µ * dα is positive, then there is a subsequence l such that
, and B l (z l ) are disjoint. So we obtain a following contradiction
Consequently we have a non-constant I -holomorphic map µ : C → R × M with a finite energy and C µ * dα = 0. By Proposition 5.2 such a map µ cannot be possible. Therefore |∇ v φ (s, t)| is uniformly bounded.
Proof of Theorem 5.1. Let v φ = (b φ , v φ ) : R × S 1 → R × M be the map from the previous proposition satisfying (5.4). We pick a sequence of real numbers (s k ) k∈N with lim k→∞ s k = ∞ and note that v φ (s k , 0) ∈ M may escape to the unbounded region as k → ∞. For the fixed fundamental region M ⊂ M , we choose a sequence of deck-transformations (h k ) k∈N so that
Now we define a sequence of cylinder maps
. Let us also define a corresponding sequence of contact forms α k := h * k α and a sequence of almost complex structures
. By the similar procedure as in Theorem 4.3 and Proposition 5.4 we choose a suitable subsequence (k ) k ∈N so that there exist a smooth map
, and an almost complex structure
In addition, the contact form α ∞ governs the almost complex structure I ∞ in the view of Lemma 4.5 and w is an I ∞ -holomorphic cylinder, i.e.
Moreover, Proposition 5.4 implies
From (5.7) we know T = R×S 1 v * φ dα < ∞ and hence for every R > 0 we have
Thus we obtain
We know by the construction of
Replace k with k and passing to the limit k → ∞ we obtain
Now we consider an I ∞ -holomorphic map w ρ := (c ρ , w ρ ) := (c, w)
Here π ∞ α : T M → ker α ∞ be the projection along the Reeb direction and I ∞ = I ∞ | ker α ∞ . By the same argument as in Remark 5.3 we deduce from (5.10) that w * dα ∞ = 0 and hence w * ρ α ∞ ∈ Ω 1 (C) is exact. We introduce a primitive q : C → R of w * ρ α ∞ so that
is the zero map for all z ∈ C. Suppose that Φ is constant or c ρ is constant. Then we have
which means that ∂ s w ρ , ∂ t w ρ have no Reeb direction component. Since π ∞ α • dw ρ is also zero, w ρ must be a constant map. But this contradicts
and we conclude Φ is non-constant. The gradient of Φ is bounded because of
As a consequence, Φ should be an affine non-constant holomorphic map, i.e.
since c ρ is 1-periodic in t. Let X α ∞ be a Reeb vector field for the contact form α ∞ then we have
Here we use w * ρ α ∞ • i = dc ρ in (5.12) for the 3rd equations. Since w ρ is 1-periodic in the tcoordinate, we finally obtain a non-constant closed orbit x(t) := w(s 0 , l −1 1 t) of the Reeb vector field X α ∞ which generate ker ω. Consequently a reparameterization of x(t) = p • x(t) gives us a non-constant contractible periodic orbit of the vector field X ω on M which generates ker ω.
Proof of Main Theorem. By the overtwisted disk in M and Theorem 3.5 we have a normalized maximal Bishop family (
From the rescaling argument with deck-transformation in the proof of Theorem 4.3 we construct an almost complex structure J ∞ as a limit and a finite energy J ∞ -holomorphic plane
Finally Theorem 5.1 guarantees a contractible periodic orbit for the vector field X ω in Definition 1.1 by considering the projection of the limit The well-known example of a virtual contact structure is an energy hypersurface of a twisted cotangent bundle above the Mañé critical value, as mentioned in the introduction.
Example 6.1. On the cotangent bundle τ : T * N → N of a closed manifold N we define autonomous Hamiltonian systems given by a convex Hamiltonian
with a twisted symplectic form ω σ = dp ∧ dq + τ * σ.
Here dp ∧ dq is the canonical symplectic form on T * N , |p| denote the dual norm of a Riemannian metric g on N , U : N → R is a smooth potential, and σ is a closed 2-form on N . When the pullback π * σ to the cover π : N → N is exact, the Mañé critical value is defined as
where the infimum is taken over all θ ∈ Ω 1 ( N ) satisfying dθ = π * σ and H is the lift of H to N . Then Σ k := H −1 (k), k > c admits a virtual contact structure
for some primitive θ 0 of π * σ, see [CFP, Lemma 5 .1] for the detail.
Other example is given by the mapping torus construction.
Example 6.2. Let (L, ω L ) be a closed symplectic manifold and assume that ω L admits a bounded primitive on the universal cover p : L → L. Now take a Hamiltonian diffeomorphism ϕ on (L, ω L ) and consider the induced mapping torus
Then we can endow L ϕ with a virtual contact structure, see [Ba2, Remark 3.4] for the construction.
In the remaining section we construct a virtual contact structure with an overtwisted disk.
Example 6.3. Let Σ be a closed surface of genus g ≥ 2 then Σ can be represented by D/G with the universal covering map p Σ : D → Σ. Here D = {x + iy ∈ C | x 2 + y 2 < 1} is the Poincaré disk with the Poincaré metric
(1 − x 2 − y 2 ) 2 and G is a discrete group of isometry of D. Let ω Σ be a volume form on Σ we then may assume
where (r, ϕ) are the polar coordinates for C. Now consider M = S 1 × Σ with the covering p : S 1 × D → M and the projection π Σ : M → Σ which fit into the following diagram:
The Hamiltonian structure (M, ω M := π * Σ ω Σ ) admits a virtual contact structure by choosing a covering map p : S 1 × D → M and a primitive
is not. In order to do a Lutz twist on the virtual contact structure (M, ω M , α), we start with a small constant δ ∈ (0,
Next we choose ∈ (0, δ 10 ], C = max{ α ∞ , 1} and then consider C 1 -functions f 1 , f 2 meeting the following conditions:
The followings are not essential but we require additional conditions for simplicity: 0)) and vanishes elsewhere. From the locally supported 1-form η δ , we define a G-invariant 1-form η ∈ Ω 1 (S 1 × D) by
By the above construction there is a 1-form η on M such that p * η = η. Since η is bounded, it immediately follows that η is also bounded with respect to the product metric on S 1 × D.
Proposition 6.4. As in the above setting, a triple (p :
is a virtual contact structure equipped with an overtwisted disk.
10 In Example 6.2, let (L, ω L ) be a closed surface (Σ, ω Σ ) of genus g ≥ 2 and take a Hamiltonian diffeomorphism ϕ = id, then we have the above setting.
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Figure 2. graphs of f 1 (r), f 2 (r) and their differentials Proof. We already know that α L is bounded with respect to G-invariant metric. Before checking the non-vanishing condition, we first need to specify the non-vanishing vector field R L which generates ker dα L . For convenience, let h : [δ − 2 , δ] → R be a positive function satisfying h(δ − 2 ) = f 2 (δ − 2 ), h(δ) = 1. Then we may choose our Reeb-like vector field R L as follows:
Let us begin with the case x ∈ S 1 × D \ g∈G g(B δ (0)) . In this region there is no change under the Lutz twist and g ∈ G acts trivially on ∂ t , thus we have
Next we consider the case r ∈ [0, 2 ) where
Now we move to the case r ∈ [δ − 2 , δ] where
h(r) > 0.
It remains to verify the case r ∈ [ 2 , δ − 2 ] and we need the following preparation. Let g ∈ G be a Möbius transformation which acts on D and denote g(0) = z 0 . Then it is necessary to know the lower bound of α L (R L ) on π −1 • g(B δ (0)). The following simple observation
informs us that it suffices to investigate g * α L (R L ) on π −1 (B δ (0)). Now we compare g * α L with α L as follows:
Thus it is important to estimate (g * α − α)(R L ). Since G acts trivially on the t-coordinate, g * α − α has no dt-part and by the construction of C we know α ≤ C. For r ∈ [ 2 , δ − 2 ] we then have
(6.3)
Here the last inequality comes from the following estimate:
∂ ϕ = − r sin ϕ∂ x + r cos ϕ∂ y ≤ r∂ x + r∂ y ≤ 2r 1 − r 2 r=δ− 2 ≤ 1.
The point of the estimate (6.3) is that the last term does not depend on f 2 (r) and g ∈ G. By combining (6.1), (6.2) and (6.3), we estimate
, for r ∈ [ 2 , δ − 2 ].
Case i : r ∈ [ 2 , ].
Recall that C ≥ 1, δ ∈ (0, 
is a virtual contact structure. Moreover, π −1 (B δ (0)) contains an overtwisted disk. This proves the lemma.
In the above construction the 1-form α L and the vector field R L are not smooth. In fact f 1 , f 2 are not smooth on finite points and R L is also not smooth on the corresponding region. Now we consider a sequence of C ∞ functions (h 1,n , h 2,n ) n∈N which converges to (f 1 , f 2 ) in C 1 . Then by the same construction as above we have a sequence of smooth 1-forms (λ L n ) n∈N and a sequence of smooth vector fields (X L n ) n∈N satisfying the property that λ L n (X L n ) converges uniformly to α L (R L ). For sufficiently large n ∈ N we choose a smooth 1-form λ L such that inf x∈S 1 ×D λ L (X L ) > 0. Again by the construction, each derivative of λ L n is determined by h 1,n , h 2,n . We may require that all derivatives of h 1,n , h 2,n are uniformly bounded with respect to the Poincaré metric, without loss of generality. These conclude that (p :
is a smooth virtual contact structure.
